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Abstract 

We study Lifshitz tails for random Schrodinger operators where the 
random potential is alloy type in the sense that the single site potentials 
are independent, identically distributed, but they may have various 
function forms. We suppose the single site potentials are distributed 
in a finite set of functions, and we show that under suitable symmetry 
conditions, they have Lifshitz tail at the bottom of the spectrum except 
for special cases. When the single site potential is symmetric with 
respect to all the axes, we give a necessary and sufficient condition for 
the existence of Lifshitz tails. As an application, we show that certain 
random displacement models have Lifshitz singularity at the bottom 
of the spectrum, and also complete the study of continuous Anderson 
type models undertaken in [10]. 

1 Introduction 

Consider tlie continuous alloy type (or Anderson) random Schrodinger op- 
erator: 

(1.1) H^ = -A + Vo + where V^x) = ^ uj^V{x - 7) 

on M'^, d> 1, where 

• Vo is a periodic potential; 

• V is a compactly supported single site potential; 

• {uj^)^fzzd are independent identically distributed random coupling con- 
stants. 

*LAGA, U.M.R. 7539 C.N.R.S, Institut Galilee, Universite de Paris-Nord, 99 Avenue 
J.-B. Clement, F-93430 Villetaneuse, France et Institut Universitaire de France. Email: 
kloppOmath . univ-parisl3 . f r 

^Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba, 
Meguro-ku, Tokyo, Japan 153-8914. Email: shuOms .u-tokyo . ac. jp 



Let S be the almost sure spectrum of H^^ and = inf S. When V has a 
fixed sign, it is well known that the = inf(cr( — A + V^)) if y < and 
E- = inf((T(— A + Va)) if y > 0. Here, x is the constant vector x = {x)^^id. 
Moreover, for E a real energy, one defines the integrated density of states by 

#{eigenvalues of H,'^ r < E} 

(1.2) NiE)= ]im - 

L— >+oo ij" 

where 

(1.3) H^^L = -A + Vo + V^ on L^Cim 

with Neumann boundary conditions, where Cl(0) is defined by (1.4). It is 
well-known that N(E) exists and is non-random, i.e., N{E) is independent 
of uj, almost surely; it has been the object of a lot of studies. 
In particular, it is well known that the integrated density of states of the 
Hamiltonian admits a Lifshitz tail near E-, i.e.. 

Mm < 0. 

E^E+ \og{E-E.) 

Actually, the limit can often be computed and in many cases is equal to 
—d/2] we refer to [3, 7, 8, 11, 13, 14, 15] for extensive reviews and more 
precise statements. 

In the present paper, we mainly consider a generalized Bernoulli alloy 
type model that we define below: we allow the single site potential to have 
various function forms (with a discrete distribution). We give a necessary 
and sufficient condition to have Lifshitz tail under a symmetry assumption 
on the single site potentials. The results we obtain are then applied to 
the random displacement models studied recently by Baker, Loss and Stolz 
([1, 2]), and also to complete the study of the occurrence of Lifshitz tails for 
alloy type models initiated in [10]. 

1.1 The model 

Let us now describe our model. We let d > 1 and we study operators on 
'K = L'^(W^). We denote 



(1.4) Ct{x) = {y G I < y,- - Xj < £,j = l,...,d} 

be the cube with the size £ > and x as a corner. Let Vq G C'^(M'^) be a 
background potential, which is periodic with respect to Z*^. 

Letvk G C°(Ci(0)), k = 1, . . . , M, be single site potentials where M £ N. 
We consider the random Schrodinger operator: 

H^ = -A + Vo + V^ on IK = L2(M^), 
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where 

is the random potential and {^(7) | 7 E Z"^} are independent identically 
distributed (i.i.d.) random variables with values in {1, . . . , M}. 
To fix ideas, let us assume 

(1.5) inf cr(i7a;) = 0, a.s. cj 

which can always be achieved by shifting Vq by a constant. 
We denote 

Hj^ = -A + Vo + vj, onL2(Ci(0)) 

with Neumann boundary conditions on the boundary dCi{0). 
Define 

Assumption A. (1) Vq is symmetric about the plane |x | = 1/2}. 

(2) There exists m S {1, . . . , M} such that 

info-(i?f)=0 for /c = 1,... ,m, 

and 

inf cr{H^ ) > for k > m. 

(3) Moreover, for k = 1, . . . ,?7i, Vk{x) is symmetric about {x^ = 1/2}. 

Remark 1.1. Note that in this assumption, we only require symmetry with 
respect to a single coordinate hyperplane that we chose to be the d-th one. 

If one assumes that Vq and the {vk)i<k<M are reflection symmetric with 
respect to all the coordinate planes (see e.g. [1, 2, 10]), the standard charac- 
terization of the almost sure spectrum (see e.g. [11, 7]) and lower bounding 

by the direct sum of its Neumann restrictions to the cubes iCi{'y))^^j^d 
show that, as a consequence of (1.5), one obtains 

• for all ?n G {1, . . . , M}, inf o-(i?f ) > 0; 

• there exists m G {1, . . . , M} such that inf a{H^) = 0. 



1.2 The results 

We study the Lifshitz singularity for the integrated density of states (IDS) 
at the zero energy. Recall that the IDS is defined by (1.2) 
We first consider a relatively easy case: 

Theorem 1.2. Suppose Assumption A with m < M . Then 

r log|logiV(j^)| ^ 1 
(1.6) hmsup — <--. 

E^+Q log h I 
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We expect (1.6) holds with —d/2 in the right hand side, which is known 
to be optimal (see e.g Theorem 0.2 and Section 2.2 in [10]). 

If m = M, then we need further classification of the potential functions. 
We denote the standard basis of by 

e, = (5,-i)ti G M"', i = l,...,d, 



and we define an operator -^^(j) on L'^{Uj) as 

(1.7) [/, =Ci(0)UCi(e,), j = l,...,d. 

We set 



(1.8) Hf^ 



M{j) 



-A + Vo{x)+Vk{x) onCi(O) 
-A + Vq{x) + Vi{x — ej) on Ci(ej) 



with Neumann boundary conditions on dUj, where k,£ £ {l,...,m} and 
j G {1, . . . , d}. We define 

(1.9) v,r.v, ^ inf^7(//,%.)) = 0. 

Namely, Vk ~ ve implies the coupling of two local Hamiltonians and 

j 

does not increase the ground state energy. We note that vi generically 
for k^i. ^ 

Theorem 1.3. Suppose Assumption A with m = M . Suppose moreover that 

Vk 9^ for some k ^ i. Then (1.6) holds, i.e., has Lifshitz singularities 
d 

at the zero energy. 

In order to obtain a more precise result on the existence and the absence 
of Lifshitz singularities, we make a stronger symmetry assumption on the 
potentials. 

Assumption B. In addition to satisfying Assumption A, Vq and Vk are 
symmetric about | = 1/2} for all J = 1, ... , d, and A; = 1, . . . , m = M. 

Theorem 1.4. Suppose Assumption B. Then 

(i) If Vk 9^ for some j and k^ I, then (1.6) holds. 

j 

(ii) Ifvk ~ V£ for all j and k,£, then the van Hove property holds, namely, 

j 

there exists C > such that 



(1.10) ^E'^/^ < N{E) < CE'^I'^. 
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In (1.10), the asymptotic is new only for E small; for E large, it is a conse- 
quence of Weyl's law. The example in Section 3 of [JO] is a special case of 
(ii) of Theorem 1.4. 

In a previous paper [10], we used the concavity of the ground state energy 
with respect to the random parameters, and also used an operator theoret- 
ical trick to reduce the problem to monotonous perturbation case. These 
methods are not available under the assumptions of the present paper. In- 
stead, we employ a quadratic inequality similar to the Poincare inequality, 
and take advantage of the positivity of certain Dirichlet-to-Neumann oper- 
ators to obtain a lower bound of the ground state energy for Schrodinger 
operators on a strip. This estimate is quasi one dimensional, and this is why 
we obtain Lifshitz tail estimate with the exponent corresponding to one di- 
mensional case. We do believe that this method can be refined to obtain 
the optimal exponent, though we have not been successful so far. 

This paper is organized as follows. We discuss the eigenvalue estimate on 
a strip in Section 2 and prove our main theorems in Section 3. We discuss an 
application to random displacement models in Section 4, and an application 
to the model studied in [10] in Section 5. 

Throughout this paper, we use the following notations: P(-) denotes the 
probability measure for the random potential, and E(-) denotes the expec- 
tation; T>{A) denotes the definition domain of an operator A; (•,•) denotes 
the inner product of L^-spaces; dCl denotes the boundary of a domain $7; 
and T^A denotes the cardinality of a set A. 

Acknowledgment: It is a pleasure to thank Michael Loss and Gunter 
Stolz for valuable discussions. We also thank the organizers of the work- 
shop "Disordered Systems: Random Schrodinger Operators and Random 
Matrices" at the MF Oberwolfach where part of this work was done. 

2 Lower bounds on the ground state energy 

Throughout this section, we suppose vi,...Vm satisfy Assumption A. Let 
a > 0, 

Uq = [0,lf-^ X [-a,0] C R'^, 
and let Wq G C^{^o) be a real- valued function on Oq- We set 

Po^ = -A + VFo onL2(J7o) 

with Neumann boundary conditions. Let L G N, 

ni = [0,lf~^ X [0,L] 

and let Wi £ C°(17i) such that 

Wi = Vo + Vk^e)ix - iea) if x G Ci(fed), ^ = 0, . . . , L - 1, 
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where {k{i)}^^Q is a sequence with values in {1, ... , m}. We then set 

]Wo{x) ii X G^lo 



and set 



Wi{x) ifxGOi 



P^ = -A + W onL^{Q) 

with Neumann boundary conditions. Then, the main result of this section 
is as follows. 

Theorem 2.1. Suppose inf cr(PQ^) > 0, and suppose ~ for£,£' S 

{0, . . . , L — 1}. Then, there exists C > such that C is independent of L 
and of the sequence {k{l)}, and such that 

1 



infcj(P^) > 



In the following, we suppose Vk ~ vg for all k, I for simplicity (and 

d 

without loss of generality). We prove Theorem 2.1 by a series of lemmas. 
First, we show a variant of the classical Poincare inequality. Let F be the 
trace operator from H^i^i) to L'^{S) with S = [0, l]'^"^ x {0}, i.e., 

rip{x') = ip{x', 0) for x' G [0, if G C^iQi), 

and F extends to a bounded operator from H^{i^i) to L^{S). 

Lemma 2.2. Let ip £ (Qi) . Then 

Y\\^^\\his) + \\^^\\lHn,)>j2MlHn,)- 
Proof. It suffices to show the estimate for ip G C^{Qi). Since 

= (^(x',0)+ / da:Mx'^s)ds, x' G [0,l]'^-\t G [0,L], 
Jo 

we have 

\ip{x',t)\ < \^{x',0)\ + [ 
Jo 

L \ 1/2 



<\ip{x',0)\ + Vi(^J^ \Vip{x',s)\^ds^ 



by the Cauchy-Schwarz inequality. This implies 



|^(x',0)| +^(^ \Vipix',s)\'^ds^ 



1/2 ^ 2 



M\h{n,)< J J ^Mx',0)\ +Vii I \V^(x',s)\'^ds] \ dtdx' 
<'^jj^ W{x',Q)\'dsdx' + 2 tdtx\\Vip\ii,^^^^ 

and the claim follows. □ 
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For k £ {1,... ,M}, we set 

qk{ip,^)= {Vip-Vi^+Vkip^)dx, ip,i; £ H\Ci{0)), 

JCi{0) 

which is the quadratic form corresponding to . Let be the positive 
ground state for , which is unique up to a constant. Since inf (t{H^ ) = 0> 
we expect f/'^k is close to a constant if qk{(p,f) is close to 0, and this 
observation is justified by the following lemma. 

Lemma 2.3. There exists ci > such that 

l|V(v5/^'fc)||i2(c7,(o)) < cmi^, <f), f G H\Ci{0)), k = l,...,m. 

Proof. This is a consequence of the so-called ground state transform. It 
suffices to show the inequality when ip G C^{Ci{0)). We set / = ^p/^^k- 
Then we have 

qk{^,ip) = (V(/^fe), V(/^I/fe)) + {vkf^kJ'^k) 

= ||^fc(V/)f + i^kVf, fV^k) + (/V^fc, ^fcV/) 

+ {fV^k,fV^k) + {vkf^k,f^k) 
= \\^k{Vf)f + {V{\f\^^k),V^k) + {vk\ff^k,^k) 
= \\^k{Vf)f+qk{\ff^k,^k). 

Since qk{\f\^^k, ^k) = {{H^)'/^\f\^-i'k, {H^f'^'^k) = 0, we have 
gfc((^,(/,) = ||*,(V/)|p>(inf|vI/fc|)2||V/||2, 

and we may choose ci = (miujt inf □ 

Lemma 2.4. Suppose Vk ~ vi. Then, there exists /ii,/i2 > such that 

d 

/xi*fc(x',0) =/i2^K2^',0), forx' £ 

Proof. Consider -ff^(^) in Ud (see (1.7) and (1.8) in Section 1), and let 
G L'^{Ud) be the positive ground state of H^^^y We set 

V'l = ^rci(o), ¥'2(-) = + ed)rci(o)- 

Then ipi, if 2 are positive and qk{fi, fi) = QiiV2, V2) = 0. By the variational 
principle and the uniqueness of the ground states, we learn 

with some /ii,/i2 > 0. By Assumption A, ^k and ^£ are symmetric about 
{xd = 1/2}, and hence 

l^ll'^k{x',0) =^i^'fc(x',l) =ipi{x',l) =ip2ix',0) =/i2^'f(x',0) 

for x' G [0, l]'^"^, where we have used the continuity of $ on {x^ = 1}. □ 
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Now, let r^i and Wi be as in the beginning of Section 2, and define 
P(^ = -A + Wi onL'^ini) 
with Neumann boundary conditions. We set 



for ip,'ilj e H'^ini) = Then, we have 

Lemma 2.5. There exists C2 > such that C2 is independent of L and of 
the sequence {k{i)}, and 

j\\^^\\h(s) + Qii'P^^) ^ -^\Mh{n,) 

fonpGH^Qi). 

Proof. By Lemma 2.4, there exist /ii, . . . , /x^ > such that 

0) = fi2'^2ix, 0) = ■ ■ ■ = l^m'i'mix', 0). 

We set 

and then ^' G H^{i}i) by the above observation. Moreover, ^' is the ground 
state for P^ , unique up to a constant. We apply Lemma 2.1 to (/?/^', and 
we have 

< (^}^^\\r{^/^)\\l.^,^ + {snp^f\\V{^/n\hin,) 

- (l^) ^l|r¥'lli2(s)+ci(sup^)2Qi((^,(/,), 

where we have used Lemma 2.3 in the last inequality. The claim follows 
immediately. □ 

We next consider Pq = —A+Wq on L^(Oo) and its Dirichlet-to-Neumann 
operator. As in Theorem 2.1, we suppose 

a = infa(Po^) > 0. 

We set 

= - A + Wo on L^iQo) with !D((P^)i/2) = {ip e H^no) | r<^ = O}, 



8 



where F is the trace operator from H^{^i) to L?'{S). Pq defines a self-adjoint 
operator, and each ip G Ti{Pq) satisfies Dirichlet boundary conditions on S 
and Neumann boundary conditions on d^Q \ S. Let A < a. By a standard 
argument of the theory of elhptic boundary value problems (see, e.g., Folland 
[4]), for any g G H^^'^{S), there exists a unique ip G H'^{^}q) such that 

(2.1) (_A + VFo - A)V' = 0, rtl; = g 

and that satisfies Neumann boundary conditions on dQo \ S. Then, the map 

r(A) : g ^ r{d,xi^) e H'^\S) 

defines a bounded linear map from if 3/2 to H^'^{S), where = d/dxd 
is the outer normal derivative on S. We consider T(A) as an operator on 
LP'{S), and it is called the Dirichlet-to- Neumann operator. 

Lemma 2.6. T(A) is a symmetric operator. Moreover, if Xq < a then 
T{X) > e /or < A < Ao with some e > 0. 

Proof. Let f,ipG H'^{i^o) such that Tip = f, T^p = g, and 

(-A + Wo- X)ip = (- A + Wo - A)V' = 

with Neumann boundary conditions on dO,Q \ S. By Green's formula we 
have 

= ((-A + Wo- X)ip, V') - {if, (- A + Wo- A)V') 

= - f d,ip-^+ f ^■d,'^=-{T{X)f,g)L2^s) + {f,nX)g)L^s), 
J S J s 

and hence T(A) is symmetric. Similarly, we have 

= ((-A + Wo- A)(^,(/p) 

= -fd,ifif+[ \Vip\^+ [ {Wo-XM^ 

J S J S^o J S^o 

= -{T{X)fJ) + Qo{v,^)-X\M\ 
where Qq{i.p^lp) = /j^q (iV^Jp + Wo|v3p)(i3;. Hence, we learn 

(r(A)/, /) = Q2(^, ^) - xyf > Qoiif, - XoWvf. 

The form in the right hand side is equivalent to II vll//i(f7,)) since Aq < a. 
Hence, it is bounded from below by £11/11^2(5) with some e > by virtue of 
the boundedness of the trace operator from H^{Qq) to L'^{S). □ 

We note that T(A) extends to a self-adjoint operator on L?'{S) by the 
Friedrichs extension, though we do not use the fact in this paper. 



9 



Proof of Theorem 2.1. Let 99 be the ground state of P on 17 with the 
ground state energy A>0. IfA>Ao>0 with some fixed Aq (inde- 
pendently of L), then the statement is obvious, and hence we may assume 
0<A<Ao<a = inf o"(Pg^) without loss of generality. 

Let f = T^£ H^/^{S). Since (p satisfies Neumann boundary conditions 
on d^Q\S, we learn du^\s= T{X)ip. On the other hand, by Green's formula, 
we have 

[ P^ip-^= [ dnip-^+ [ \Vip\^ + Wi\ip\^ 
jQi Js JQi 

= {T{X)f,f)L^s)+Qi{v,'P) 

>e\\f\\l2^s) + Qii^^^) 

by Lemma 2.6. Now, we apply Lemma 2.5 to learn that the right hand 
side is bounded from below by (1/c2L^)||(^||^2(q^)- Since P'^ip = Xip and 
1 1 ¥'11^2(^1) 7^ 0, this implies A > l/c2i^ for sufficiently large L. □ 



3 Proof of main theorems 

Here, we mainly discuss the proof of Theo- 
rems 1.2 and 1.3, and we prove Theorem 1.4 
at the end of the section. We thus suppose As- 
sumption A with either m < M 01 that there 

exists k, k' such that Vk 9^ ffc'- 

d 

For notational simplicity, we assume the 
reflections of at {xd = 1/2} are included 
in the possible set of potentials {vk}. This 
does not change the conditions on {vi, . . . , Vm}, 
but we might need to add the reflections of 
{vm+i, ■ ■ ■ ,vm}- This does not affect the fol- 
lowing arguments. 

We write 



a;iL 




Figure 1: Chopping the 
cube into strips 



A = {p G Z^~i \ 0<pj <L-l,j = l,...,d-l} 
and, for p G A, we set 

Sp= U Ci{{p,k)) 



k=0 



SO that Cl{0) is decomposed (see Fig. 1) as 

Cl{0) = U 



which is a disjoint union except for the boundaries of the strips. 
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For a given and p € A, we consider the restriction of H^^ to Tip, i.e., 

L-l 

H^ = A + Vq + Y, MM) i^-iP,^)) on L\Tp) 

1=0 

with Neumann boundary conditions on dTp. By the standard Neumann 
bracketing, we learn 

<L>0^P^ on L\CLm = ®L\Tp\ 

peA pgA 

and hence, in particular, 

(3.1) inf ^(ifi);^) > mininf 

Under our assumptions, one of the following holds for each p G A: 

{o)p- ^{{P^^)) > foi^ some ^, or Va;{(p,£)) 9^ '"'^{{p/')) some 
G {0,...,L- 1}. 

(6)^: For ah ^, f G {0, . . . , L - 1}, uj{{p,l)) < m and ~ v^({p,l'))- 

We note that the probability of {b)p to occur is less than with some 
< 1 independent of L. Since {a;(7)} are independent, we have 

(3.2) IP((fe)p holds for some p G A) < LV'^, 

which is small if L is large. For the moment, then, we suppose (a)p holds 
for all p G A. 

We denote V^{x) be the potential function of Hp on Sp. Let 

Sp = (p+[0,l]^-i) X (M/(2LZ)) 

and set yP(x) = ^^(a;', l^^l) for x = {x',Xd) G (p+ [0, l]'^"!) x L) ^ Sp, 
i.e., is the extension of by the reflection at {x^ = 0}. We note is 
continuous on Sp. We now consider 

H^ = l\ + VP on L\tp) 

with Neumann boundary conditions. It is easy to see 

(3.3) infa(^^) >infcj(i?^). 

In fact, if $ is the ground state of Hp , then we extend <I> by reflection to 
obtain 4> G i7^(Sp) and we have 

^ ^ ' ^ = ^ Lnf = inf ct(M) 

||$||2 ||$||2 ^ P ' 



11 



and the claim (3.3) follows by the variational principle. 

Since we assume (a)p, Sp can be decomposed to subsegments Hp 
|J,=i '^j such that each satisfies the following conditions: We write 



Ej = \JCi{p,K + i), kGZ, 0<i/<L, 

and 

VP{x) = - {p,e)) for x G Ci(p, k + £), £ e {0, . . . ,u} 

with G {1. . . . , M}. Then either one of the following holds 
(i) I3{0) G {m + 1, . . . , M}; G {1, . . . , m} for ^ > 1; and ~ v^^^,) 
for £,£' G 

(h) G {1, . . . ,m} for all ^; t;^(o) 7^ 1^/3(1); and ~ Vp/fn for £,f G 

{2,...,i/}. 

The proof of this claim is an easy combinatorics, though somewhat 
lengthy to write down using symbols. We omit the details. 

We again decompose Hp . We denote the restriction of Hp to Ej by Pj 
on L'^iEj) with Neumann boundary conditions. Then, again by Neumann 
bracketing, we learn 

K K 

H^>®P, onL2(Sp)-0L2(H,), 
i=i i=i 

and in particular, 

(3.4) infcj(M) > mininfcr(P,). 

i 



Now if (i) holds for Hj, then we set a = 1 and use Theorem 2.1 for Pj. 

m' 



Since inf a{H^f^-.) > by Assumption A and z/ < L, we learn 



inf a(P,) > > ^ 



C{v-lY - C(L- 1)2- 

If (ii) holds for Hj, then we set a = 2 and use Theorem 2.1 for Pj. Since 
f^(o) 9^ we have inf (T(i^^Q^^,-^w^^) > 0. Thus we have 

d 

Combining these with (3.1), (3.3) and (3.4), we conclude 
(3.5) infa«^)>-g 
with some C3 > 0, provided {a)p holds for all p G A. 
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Proof of Theorems 1.2 and 1.3. For E' > 0, we set 
so that, by virtue of (3.5), 

provided Condition {a)p holds for all p G A. As noted in (3.2), the proba- 
bility of the events that {h)p holds for some p E A is bounded by 

P((6)p for some p G A) < L'^^r^ < aE-'^/'^e-^^'^'^'^ 

with some 04,05 > 0. On the other hand, since the potential Vq + K; is 
uniformly bounded, we have 

^{eigenvalues of < < cqL'^ 

for any uj with some cg > 0. Thus we have 

L-'^E(#{e.v. of if^i < E}) < L-"'(c6L'^)P((6)pfor some p e A) 

for < e < C5 with some cy > 0. By the Neumann bracketing again, we 
have 

N{E) < L-'^E(#{e.v. of H^^^ < E}) < cje'^^^'-'^'^'^'^ 
and Theorems 1.2 and 1.3 follow immediately from this estimate. □ 
In fact, we have proved 

li.ni„fl'°^'^;f'l>0. 

and this statement is slightly stronger than (1.6). 

Proof of Theorem 1.4- (i) This statement is an immediate consequence of 
Assumption B and Theorem 1.3. We just replace the x^-axis by the 
where Vk 7^ ve for some k, I. 

(ii) We use the ground state transform as in the proof of Lemmas 2.3-2.5. 
Under our conditions, there exist ;Ui, . . . , iim > such that 

/ii^'i(x) = fi2'^2ix) = ■■■ = ^™^'„(x) for X £ dCi{0). 

For given j^, we set 

<&(x) = ^k^k{x) if X G Ci(7) with 0^(7) = k. 
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Then it is easy to see that <^> is the positive ground state of with the 
energy 0. Let be the quadratic form corresponding to H^^. For 

if G {Cl{0)), we set f = ip/^. As in the proof of Lemma 2.3, we have 

Q{ip,^) = \mvf)f 

and hence 

(inf cI>)2||V/f < Q{^,ip) < (supcI>)2||V/f . 

This imphes 

||^||2 



where K = max^ sup(/Xfc^fc)/ min^ inf (^^^'fc). By the min-max principle, 
we learn 

K-2#{e.v. of (-A)^ <E}< #{e.v. of H^^^ < E} 

< K^#{e.v. of (-A)^ < E} 

where (— A)^ is the Laplacian on Cl{0) with Neumann boundary condi- 
tions. Taking the limit L — > +00, we have 

(3.6) R-^CdE'^/''- < N{E) < K'^CdE'^/^, 

where Cd is the volume of the unit ball in M"^. This completes the proof of 
Theorem 1.4. □ 



4 Application to random displacement models 

We now consider a model recently studied by Baker, Loss and Stolz in [1, 2]. 
Combining their results with Theorem 1.2, we show that this model exhibits 
Lifshitz singularities at the ground state energy. 

We consider a random Schrodinger operator of the form: 

H^ = -^ + V^ onL2(M'^) 

where 

V^{x) = ^ g(x - 7 - u;(7)) 

with i.i.d. random variables {(^-'(7) | 7 G Z'^} which take values in Ci(0). 

Assumption C. (1) There exists 5 G (0, 1/2) such that a;(7) takes values 
in a finite set 

G C {x G M"^ I 5 < < 1 - 5, Vj G {1,...,4}. 
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Moreover 

e D A = {x G I = 5 or 1 - 5, Vj E {1, . . . , d}} 
and F(a;(7) = x) > for x G A. 

(2) q G Co(M'^) and it is supported in {x | \xj\ < 5,j e {1, . . . ,d}]. More- 
over, q is symmetric about {x\xj = 0}, j = 1, . . . ,d. 

(3) Let i?^ = — A + g on L^({|x| < 1}) with Neumann boundary conditions, 
and let (p be the ground state. Then, cj) is not a constant outside Supp q. 
Note that this is relevant only if the ground state energy is 0. 























o 


D 
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(a) A typical random con- 
figuration 



-P. 






D 



























(b) The minimizing config- 
uration 



Figure 2: An example in two dimensions 

Let = —/\ + q{x — (5) on L^(Ci(0)) with Neumann boundary condi- 
tions, where /3 G 0. Baker, Loss and Stolz [1] showed that inf a{H^p) takes 
its minimum (with respect to [3) if and only if /3 G A. 

In particular, they showed that for H^2i the Neumann restriction of H^^ 
to C2f(0) the minimal value of the ground state energy was obtained for 
clustered configuration (see Fig 2). 




(a) The minimal 2x2 configurations (b) Other 2x2 configurations 



Figure 3: 2 x 2 configurations in two dimensions 

We cannot directly apply our result to this model, since q{x — (3) is not 
symmetric for /3 G A. However, they also showed that if we consider the op- 
erator restricted to C2(0) and if d > 2, then the minimum is attained by 
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2 symmetric configurations, which are equivalent to each other by transla- 
tions (see [2] and Fig. 3). Thus, we can apply our results by considering 
as a 2Z'^-ergodic random Schrodinger operators, i.e., by considering C2(0) 
as the unit cell. Then, this model satisfies Assumption A with M = (#0)^ 
and m = 2'^. 

Theorem 4.1. Let d >2, and suppose Assumption C for some 5 G (0, 1/2). 
Then, (1.6) holds at the bottom of the spectrum of H^, a.s. 

We note that if ci = 1, this result does not hold, and the IDS may have 
logarithmic singularity at the bottom of the spectrum (['-]). In view of 
our results, such singularities can occur for the lack of symmetry of the 
minimizing configurations. 



5 The alloy type model studied in [10] 

In a previous paper on Lifshitz tails for sign indefinite alloy type random 
Schrodinger operators [10], we studied the model (1.1) for a single site po- 
tential V satisfying the reflection symmetry Assumption B. 
We now recall some of the results of that work. Let the support of the ran- 
dom variables (w^)7 be contained in [a, 6] and assume both a and h belong 
to the essential support of the random variables. 

Consider now the operator = —i!^ + W with Neumann boundary condi- 
tions on the cube Ci(0) = [0, 1]*^. Its spectrum is discrete, and we let E^{\) 
be its ground state energy. It is a simple eigenvalue and A ^ -E'-(A) is a 
real analytic concave function defined on M. Let E- be the infimum of the 
almost sure spectrum of ff^ then 

Proposition 5.1 ([!(']). Under Assumption B, 

E_ = mi{E^{a),E.{b)). 
As for Lifshitz tails, we proved 

Theorem 5.1 ([!(*])• Suppose Assumption B is satisfied. Assume moreover 
that 

(5.1) E.{a)^E.{b). 
Then 

log|logiV(j?)| d 
lim sup - — — z— — < a+ 

E^E^ log{E-E^) - 2 

where we have set c = a if E^{a) < E^(b) and c = b if E^{a) > E^(b), and 
2 e^o loge 
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The technique developed in [10] did not allow us to treat the case E-{a) = 
E^(b). Clearly, if the random variables (^7)^ are non trivial and Bernoulli 
distributed, i.e., if P(a;o = a) + P(a;o = b) = I and P(wo = a) > 0, P(a;o = 
b) > 0, Theorem 1.4 tells us that the Lifshitz tails hold if and only if aV 9^ bV 

j 

for some j G {1, ■ ■ ■ , d} (see (1.9)). So we are just left with the case when 
the random variables (a;^)^ are not Bernoulli distributed. 
We prove 

Theorem 5.2. Suppose assumption B is satisfied and that 

(5.2) E^{a) = E^{b). 

Assume moreover that the i.i.d. random variables (^(-'7)7 are not Bernoulli 

distributed i.e. P(wo = a) + F{u}q = b) < 1. 

Then 

1- lo^logiVCE)! 1 

(5.3) limsup- — 7— < — . 

^ ' E^Et ^og{E-E.) - 2 

So we show that Lifshitz tails also hold in this case. As already noted 
we believe that (5.4) is not optimal and that —1/2 should be replaced by 
—d/2. Moreover, depending on the tail of the distributions of the random 
variables (^7)7 near a and b, the limsup in (5.4) should be a limit, the 
inequality should become an equality, the exponent —1/2 should be replaced 
by —d/2 plus a possibly vanishing constant (see Section of [l(j] for the case 
E.{a)^E_{b)). 

Combining Theorems 5.1 and 5.2 with the Wegner estimates obtained in [9, 
6] and the multiscale analysis as developed in [5], we learn 

Theorem 5.3. Assume Assumption B. Assume, moreover, that the common 
distribution of the random variables admits an absolutely continuous density. 
Then, the bottom edge of the spectrum of exhibits complete localization 
in the sense of ['>]. 

This result improves upon Theorem 0.3 of [10]. 
5.1 The proof of Theorem 5.2 

Recall that is defined in (1.3). It is well known that, at E, a continuity 
point of N{E), the sequence 

-r / #|eigenvalues of r < E}\ 
N^{E) = E "^'^ ~ ^ 

is decreasing and converges to N{E) (see e.g. [11, 7]). As 

(5.4) N^iE) < CFiimfaiH^,^) < E}) 
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it is sufficient to prove an upper bound for F({mi a{H^^) < E}) for a well 
chosen value of L. 

Define = inf a{H^ It only depends on (u;^)^g^^, where 

Zl = {7GZ''|0<7j<^J = 1,...,4- 

One has 

Lemma 5.1. The function uj E^^l{uj) is real analytic and strictly concave 
on [a,bf^. 

Proof. Though this is certainly a well known result, for the sake of com- 
pleteness, we give the proof. The ground state being simple, uj ^ E-^l{uj) 
is real analytic in u>. 

As depends affinely on by the variational characterization of the 
ground state energy, E-.^l{uj) is the infimum of a family of affine functions 
of UJ. So it is concave. 

The strict concavity is obtained using perturbation theory. Let be the 

unique normalized positive ground state associated to E-^l{u>) and ^. 
The ground state energy being simple, this ground state is a real analytic 
function of uj; differentiating once the eigenvalue equation and the normal- 
ization condition of the ground state, as the ground state is normalized and 
real, one obtains 

(5.5) {H^^L - E^,Li^))d^.ipL{^) = {d^^E^,Liuj) - Vi- - 7)) 
and 

(5.6) {du,^^L{uj), fLiuj)) = 0. 
A second differentiation yields 

«i - E^,Li^))dl^^^ipL{^) = dl^^^E^,L{uj)ipL{u) 

+ {d^^E^^L{uj)-V{--j))d^^VL{uj) 
+ {d^^E^,L{uj) - V{- - /?)) d^^ifUu;). 

Hence, using (5.5) and (5.6), we compute 

dl^^^E^,L{u;) = -{¥{■- ^)d^^^Uco),^L{^)) - {V{--l3)d^^Mu;),ipL{io)) 
= -2Re {{{H^^L - i?_,L(^))-V/3, V'7» 

where 

. i;^ = UVi--^)Muj) 

• n is the orthogonal projector on the orthogonal to ipL{uj). 
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Hence, for {a-y)-y complex numbers, 

where Ua = (X^^a7^(' — 7))'/'l('^)- Note that, as V is not trivial, the 
assumption -B-(a) = E-{b) implies that V changes sign, i.e., there exists 
x+ 7^ X- such that V{x-) • V{x^) < 0. Now, the vector Uua vanishes if and 
only if Ua is colinear to (pii^) which cannot happen as V is not constant and 
'■Pl{^) does not vanish on open sets by the unique continuation principle. 
On the other hand, E-^l{lo) being a simple eigenvalue associated to (/^^(u;), 
Il{H^ j^—E-^l{u>))~^II > cII for some c > 0. So the Hessian of w i— > E-^l{oj) 
is positive definite. This completes the proof of Lemma 5.1. □ 

We now turn to the proof of Theorem 5.2. As the random variables are 
not Bernoulli distributed, i.e., P(wo = a) + F{ujq = 6) < 1, we can fix e > 
sufficiently small such that P(wo G [a,a + e)) + F{oJo E (6 — e,b]) < 1. By 
strict concavity of £^_(A), one has E^{a) < £'_(a+e) and E^{b) < E^{h—e). 
In Section 2, we have proved 

Lemma 5.2. Assume E-.{a) = E-{b). There exists C > such, for all 
L > 0, if u} £ {a, b,a + e,b — e}^^ is such that 

(P) for all p G A, there exists I G {0, . . . , L — 1} such that 

^{p,i) G {a + £, 6 - e} 

then 

(5.7) E.,L{uj)>E_{a) + -^. 

To complete the proof of Theorem 5.2, we first extend lemma 5.2 using the 
concavity of the ground state energy to 

Lemma 5.3. Assume E^{a) = E^{b). There exists C > such, for all 
L>0, if uj € f^L ^-5 such that 

(P') for all p £ A, there exists i G {0, . . . , L — 1} such that 

^{p,i) G [a + e,b-e\ 

then (5.7) holds (with the same constant as in Lemma 5.2). 

Let us postpone the proof of this result to complete that of Theorem 5.2. 
Pick E > E.{a) = E_{b). We use (5.4) and pick L = c{E - E_{a)y/^. 
Pick c > sufficiently small that Cc^ < 1. Then, Lemma 5.2 tells us that. 
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Hue [a,bfi' satisfies (P'), then E_{oj) > E. So, the set Q.l{E) := {uj G 
VIl] E^{uj) > E} satisfies 

Ql \ ^l{E) c {w G VLl] 3p G A, s.t. V£, ujf^p^i) G [a, a + e) U (6 - e, 6]}. 

Hence, 

¥{VIl\^l{E)) < ^P({cj(p,£) G [a,a + e)U{b- e,b] for V^}) 

= L^-^(P(wo G [a,a + e)) +P(a;o G 

This yields the announced exponential decay and completes the proof of 
Theorem 5.2. □ 

Proof of Lemma 5.3. We will proceed in two steps. First, we prove that, 
if oj satisfies (P') and all its coordinates that are not in [a + e,b — e] are 
either equal to a or to b, then (5.7) holds (with the same constant as in 
Lemma 5.2). This comes from the concavity of the ground state and the 
fact that any such point is a convex combination of points satisfying (P). 
Indeed, take such a point to and let T{uj) be the set of coordinates such that 
uj.y G [a + e,b — e]. Define K{uj) = {a + e,b — e}'^^'^\ Then, there exists a 
convex combination {l-Lri)ri£K{uj) such that 



Hence, 



sr^ - , if7er(w), 



That a; satisfies (5.7) then follows from the concavity of u; ^ E^^l{uj), that 
is Lemma 5.1, and from Lemma 5.2. 

To complete the proof of Lemma 5.3, it suffices to show that a point u 
satisfying (P') can be written a convex combination of points of the type 
defined above. This is done as above. Indeed, pick uj satisfying (P'). Define 
L{uj) = {a,6}(^-f'\^('^)). Then, there exists a convex combination {lJ"q)riGL{LLj) 
such that 

{^'r)'y&{ZL\r[iv)) = X] fJ-nV, ^r; = 1, /^r? > 0. 



Hence, 

UJ 



- , J??7 if7 0r(w). 



That UJ satisfies (5.7) then follows from the concavity of tj E^^l{uj) and 
from the first step. This completes the proof of Lemma 5.3. □ 



20 



References 

[1] J. Baker, M. Loss, and G. Stolz: Minimizing the ground state energy 
of an electron in a randomly deformed lattice. Commun. Math. Phys. 
283, (2):397-415, 2008. 

[2] J. Baker, M. Loss, and G. Stolz: Low energy properties of the random 
displacement models. Preprint, http://arxiv.org/abs/0808.0670. 

[3] R. Carmona and J. Lacroix: Spectral Theory of Random Schrddinger 
Operators. Birkhauser, Boston, 1990. 

[4] G. B. FoUand: Introduction to Partial Differential Equations. (2nd Ed.) 
Princeton Univ. Press, New Jersey, 1995. 

[5] F. Germinet and A. Klein. Bootstrap multiscale analysis and local- 
ization in random media. Commun. Math. Phys., 222, (2):415-448, 
2001. 

[6] P. Hislop and F. Klopp. The integrated density of states for some 
random operators with nonsign definite potentials. J. Func. Anal, 
195, 12-47, 2002. 

[7] W. Kirsch: Random Schrodinger operators. In A. Jensen H. Holden 
(Eds.): Schrddinger Operators, (Proceedings, S0nderborg, Denmark 
1988.) Lecture Notes in Physics 345, Berlin, 1989. Springer- Verlag. 

[8] W. Kirsch: Random Schrodinger operators and the density of states. 
In Stochastic aspects of classical and quantum systems, Lecture Notes 
in Mathematics 1109, 68-102. Springer, Berlin, 1985. 

[9] F. Klopp. Localization for some continuous random Schrodinger oper- 
ators. Commun. Math. Phys., 167, 553-570, 1995. 

[10] F. Klopp, S. Nakamura: Spectral extrema and Lifshitz tails for non 
monotonous alloy type models. Commun. Math. Phys. 287, 1133-1143, 
2009. 

[11] L. Pastur and A. Figotin. Spectra of random and almost-periodic opera- 
tors, Crundlehren der Mathematischen Wissenschaften 297. Springer- 
Verlag, Berlin, 1992. 

[12] M. Reed and B. Simon. Methods of modern mathematical physics. IV. 
Analysis of operators. Academic Press, New York, 1978. 

[13] P. Stollmann. Caught by disorder : hound states in random media. 
Progress in Mathematical Physics 20. Birkhauser, Boston, MA, 2001. 



21 



[14] I. Veselic. Integrated density of states and Wegner estimates for ran- 
dom Schrodinger operators. In Spectral theory of Schrddinger operators, 
Contemp. Math. 340, 97-183. American Math. Soc, Providence, RI, 
2004. 

[15] I. Veselic. Existence and regularity properties of the integrated density of 
states of random Schrddinger operators. Lecture Notes in Mathematics 
1917. Springer- Verlag, Berlin, 2008. 



22 



